INTRODUCTION
In this paper, the investigation is carried out for the scattering of an anti-plane shear (SH) wave by an infinite array of randomly spaced coplanar cracks. This study was motivated by the desire to better understand the detection and characterization of a flaw plane, i.e., a plane of microcracks, in a more realistic situation. The first thing we can do to model a flaw plane is to model it as a periodic array of cracks [1] [2] [3] [4] [5] . In reality, however, an array of cracks is never periodic but rather random. Thus in a previous paper [6] , we have treated scattering by an infinite array of randomly oriented cracks. That problem as well as the present problem belong to multiple scattering problems [7] [8] [9] [10] . There exists a vast literature on this topic. To our knowledge, however, there is not much literature on the type of problems treated in this paper, where reflection and transmission are investigated for random scatterers located in a line. In addition to the scattering by an array of randomly spaced cracks, the wave propagation of an SH wave in a randomly cracked medium will be also discussed.
STATEMENT OF THE PROBLEM
A time-harmonic anti-plane shear wave incident on an infinite array of randomly spaced coplanar cracks is shown in Fig. 1 . The crack length is 2a, and the average crack spacing is L+2B. The propagation vector of the incident wave makes an angle a with the x-axis. The most important feature of this problem is that the crack location is a random variable. This means, in Fig. 1 , that the center point of a crack is located within the region of length L with a certain probability.
Let us consider a time-harmonic anti-plane shear wave of the form w(x, y)e-iwt , where w( x, y) and w are the amplitude and the angular frequency of the wave. The governing equation for w(x,y) is
Anti-plane shear wave incident on an infinite array of randomly spaced coplanar cracks
where J.I and p are the shear modulus and the mass density, respectively. The displacement field w is decomposed into two parts, the incident field win and the scattered field w Sc :
where the incident field is given by win(x,y) = e ikox , k = (kcOSQ, ksinQ), x = (x,y) .
The incident field win satisfies equation (1) . Therefore the scattered field w Sc must also satisfy the same equation. Since the traction vanishes on the faces of the cracks, the boundary conditions for the problem are given by (5) where ai is given by
and bi is a random variable which will be precisely defined in the next section. In addition to the equation (4), the scattered field must also satisfy the Sommerfeld radiation condition. Our problem is to solve equation (1) under the boundary conditions (4) . Because the crack location is a random variable, this is a stochastic boundary value problem.
MATHEMATICAL FORMULATION
By using the reciprocity relation in elastodynamics [11) , along with the Sommerleld radiation condition, we obtain the following integral representation for the scattered field
where b denotes {bili E Z}, and ~Wj is an unknown crack opening displacement for j-th crack:
W O is the Green's function for the Helmholtz operator in a free space given by WO(x;x') = LH~1)(kR) (9) where H~l) is the Hankel function of the first kind of order zero, and (10) Substituting (7) into (4), we have where (12) Equation (11) is an infinite system of integral equations for unknown crack opening displacements ~w}"
Let us now remind ourselves that the crack location constant bi of i-th crack is a random variable. Each random variable bi has a probability density Pi(bi), which satisfies the normalization condition.
Similarly, the entire set of random variable b has a probability density Pz(b). In the following analysis, the variations of the location constants bi are assumed to be independent. Thus we have
ifZ By using (13) and (14), the nonnalization condition for Pz(b) readily follows. Now let us define an averaged scattered field < W SC > (x) as
where Mk is an integral operator defined by
Similarly, conditionally averaged crack opening displacements 1/!1(e, bi) and 1/!fj(~" bi, bj)
It will be assumed in the following analysis that all the probability densities Pi (x) are the same, thereby define a common probability density P(x).
With the foregoing preparation, we can conditionally average the equation (11), and derive the governing singular integral equation by introducing the following Lax quasi-crystalline approximation. The details are published elsewhere [12] . The resulting singular integral equation is given by
where 1/!( e, v) is the unknown conditionally averaged crack opening displacement for the zeroth crack, and
Once the equation (20) is solved for 1/J( e', v), the averaged scattered field is obtained as 
The details of the solution procedure are given elsewhere [12] .
REFLECfION AND TRANSMISSION COEFFICIENTS
In this paper, only the completely random spacing is considered. Thus we have
It can be shown [12] , in'this case, that the averaged zeroth order reflection and transmission coefficients are obtained through (22) as where
Here J8 is the Bessel function of order n. For the normal incidence (0 = f), we have (29) DISPERSION RELATION By using the results on reflection and transmission, we can also deal with the wave propagation of an SH wave in a randomly cracked medium in an approximate manner. The randomly cracked medium is composed of a periodic arrangement in the vertical direction of an infinite array of randomly spaced coplanar cracks (Fig. 2) . Therefore it is not really random but has a disordered periodic structure. The average horizontal crack spacing is L+2B, and the vertical crack spacing is h.
Let us now assume that the frequency w of the wave is sufficiently low, and the vertical crack spacing h is sufficiently large so that only the zeroth-order wave needs to be considered. Then it can be shown [12] that the dispersion relation is given by
where q is the effective wavenumber of an SH wave in the randomly cracked medium, and Rand T are the averaged zeroth order reflection and transmission coefficients defined by (27) (i.e., R =< R >, T =< T ». The real part of q defines the phase velocity of o 0 the propagating wave, while the imaginary part determines the geometrical attenuation of an SH wave in the randomly cracked medium.
NUMERICAL RESULTS AND DISCUSSION
In all of the following results, computations are performed for the case of completely random spacing (26) and the normal incidence (a = ~). As a reference, however, the results for a periodic array of cracks are also shown in all of the following figures. In Figs. 3(a)-3(d) , the absolute values of the reflection coefficients are shown for various crack length average crack spacing ratios aID, where D = L+2B. In these calculations as well as in the subsequent calculations, we have set B = a. In Figs. 3(a) and 3(b) , we see cusps in the graphs. These cusps correspond to the frequency where the higher mode of refracting wave becomes a propagating wave. Let us call this frequency the critical frequency. Then it is seen from Figs. 3(a)-3(d) that, in the low frequency range up to near the critical frequency, the absolute values of the reflection coefficients for randomly spaced cracks are close to the one for periodically spaced cracks. In Fig. 4 and Fig. 5 , the dispersion curve and the attenuation curve are shown, respectively, for the randomly cracked medium with aID = 0.25 and hID = 1. It is seen from Fig. 4 that the dispersion curve for the randomly cracked medium is almost the same for the one for the periodically cracked medium up to near the frequency corresponding to the end of the first optical branch. It is seen, on the other hand, from Fig. 5 that although the overall shape of the attenuation curve for the randomly cracked medium is similar to the one for the periodically cracked medium, there is a significant difference between the two curves approximately in the range kh E (7r, 4.95) . While the attenuation coefficients for the periodically cracked medium are zero in that range, the attenuation coefficients for the randomly cracked medium have finite values. The implication is that while the periodically cracked medium has a passing band, the randomly cracked medium has none. It is also seen from Fig. 5 that the attenuation coefficients for the randomly cracked medium start having non-zero values towards the end of acoustical branch earlier than the one for the periodically cracked medium. 
